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1. INTRODUCTION 
Consider the system of ordinary differential equations 
u”(t) +VG(u(t)) = p(t), (1.1) 
where p: R + R” is a continuous function with period 271 and G: R” + R 
has a continuous second partial derivative. Equation (1.1) can be 
interpreted as the Newtonian equation of motion of a mechanical system 
subject to conservative internal forces and periodic external forces. For this 
reason at least it is important to determine sufficient conditions for the 
existence of a unique 2n-periodic solution of (l.l), and several authors [3, 
and references therein] have investigated this problem. In particular, 
Ahmad [2] has given sufficient conditions for the existence of a 2x-periodic 
solution of (l.l), and Brown and Lin [3] have given another proof of 
Admad’s theorem using a global inverse function theorem. 
In this paper, (1.1) is related to an initial value problem in terms of 
which a new set of sufficient conditions for the existence of a unique 
2n-periodic solution of ( 1.1) can be given. These conditions are given in 
Theorem 3.1. It is shown that Theorem 4.3 of Brown and Lin [3] is a 
consequence of Theorem 3.1 of this paper. 
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2. PRELIMINARIES 
Let X be the set of functions U: [0,27c] + R” such that if u(t) = (~~(t)),~, 
then for i= 1, . . . . n, ui~L2[0, 2n]. Then X, with the usual definitions 
of addition and multiplication by a scalar and with the inner product 
(., .):XxX+ R defined by 
(u, 0) = j;* (u(f), u(t)> dt 
= i j2~ui(z)ui(f)dr 
i=l O 
is a Hilbert space. The mapping II.11 : X+ R is the norm corresponding to 
the inner product. 
Let D denote the set of functions u E X such that, for i = 1, . . . . n, u;’ is 
absolutely continuous on [0, 27~1, U~‘E L*[O, 27~1, ~~(0) = ui(2rr), and 
u;(O) = ~‘(27~). Let the linear operator L: D -+ X be defined by 
Lu = 2.4”. 
Then L is a densely defined self adjoint operator on X. Furthermore L is 
closed on D in the graph norm [4]. Therefore D is a Banach space with 
respect to the norm 111 .I 1 : X+ R defined by 
lll4ll = Ilull + llL4. 
The graph norm for D is equivalent to the Sobolev norm Ilull + llu’I[ + I(u”II, 
so by the Sobolev embedding theorem [l] D has a compact embedding 
into Ci[O, 27~1, where 
Ci[O, 27c]= {u: R + R” I ui has a continuous first derivative on [0,27r] }. 
3. AN EXISTENCE THEOREM 
Consider the boundary value problem 
u”(t)+VG(u(t))=f(t) (for almost all t E [0, 2711) 
u(0) = U(27L), u’(0) = U’(27L). 
(3.1) 
Suppose that G: R” --P R has continuous second partial derivatives. Then 
(Va E R”) Q(a) E R” x n is symmetric, where 
Q(u) = & G(a), 
1 J 
(3.2) 
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and (3.1) is equivalent to the operator equation 
Lu+Nu=f, 
where N: D + X is defined by 
(Nu)(t) = -VG(u(t)) (2 E lx, 2nl). 
Moreover, N is continuously differentiable, with 
(3.3) 
(N’(u)u)(t) = - & G(u(t)) u(t) 
> 
(u, u E D), (2 E CO, 2x1) 
1 J 
= -ecu(t)) u(t), 
and 
L + N’(u) = L - Q(u), 
Let tli(u), . . . . CC,(U) be eigenvalues of Q(U), where each eigenvalue is 
counted according to its multiplicity. Suppose that there exist integers N, 
(k = 1, . . . . n) such that 
Nk’< Q(U) < (N, + 1)2 (k = 1, . . . . n), (3.4) 
and consider the eigenvalue problem 
Lu-Q(u,)u=yu, (3.5) 
where u0 E D is fixed. Since the spectrum of L consists only of the eigen- 
values k2 (k = 0, 1, . ..). it follows that the eigenvalues of (3.5) consist only 
of y = m* - crk(uO) for some k E { 1, . . . . H} and some integer m 2 0 [3]. 
By (3.4), zero is not an eigenvalue of (3.5), so L- Q(u,) is bijective. 
Moreover, by the spectral theorem [4], 
II(L - Q(u,)))’ I/ = (distance of 0 from the spectrum of L - Q(uo))-‘. 
If the eigenvalues of (3.5) are ordered according to yi(u,) d y2(u,,) d . . . . then 
IIW-Q(uo))-‘II =(lyjyn{~&,J--N:, W~+~)*-YAJ~)~‘~ (3.6) . . 
Let 6: R, -+ R, - (0) be defined by 
6(s)= ,~,~~{(l~~ncn{~,(u,-NkZ, ( /c+ 1)*-~,&4})-~h (3.7) . . 
Then 6 is continuous. 
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THEOREM 3.1. Suppose that G: R” + R has continuous second partial 
derivatives and that the eigenvalues of Q(u) satisfy (3.4). Suppose also that, 
for each n E R, the maximum [S] solution y of the initial value problem 
y’(r) = rl&y(r)) (re I3 11) 
Y(O) = 0 
is defined on [0, 1 ] and 
y(a) = lim y(s) 
s-a 
(3.8) 
is finite for a E (0, 11. Then, for each f E X, there exists a unique function 
u such that u’ is absolutely continuous on [0, 27~1 and u satisfies (3.1). 
Proof Since, for all u E D, zero is not an eigenvalue of L + N’(u), it 
follows that L + N’(u) is invertible at u. Therefore L + N(u) is a local 
homeomorphism at each u ED. For a given f E X and an arbitrary function 
u. E D let 
Lkl+ Nkll =fcl 
and 
4(s) = (1 - S)fO + sf (SE co, 11). 
It is shown that L + N has the continuation property for q. Suppose that, 
for a E (0, 11, there exist a continuous function p: [0, a) -+ D such that 
LP(J) + Nds)l = q(s) (s E CO, a)). 
For any fixed s E [0, a) let U and V be open neighbourhoods of p(s) and 
of q(s), respectively, such that the restriction (L + N)u of L + N to U is a 
homeomorphism from U onto V. Then (L + N) ; ’ is continuously differen- 
tiable in a neighbourhood of q(s) and 
((L+N),‘)‘(L+N[u])=[(L+N[u])‘]-’ (u E U). 
Therefore by the chain rule, 
p’(s) = [L + N’(u)] -’ q’(s) 
= CL + N’(u)1 -‘(f -fo); 
whence p is continuously differentiable on [0, a). Thus, for s E [0, a) one 
has 
II P(S) - p(O)ll <jI IIp’(r)ll dr 
Q s i IICL+N’(p(r))l-’ II.llf -foil dr. 
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Let M= IIp(O)l( and q = Ilf-foil. Then by (3.6) and (3.7), 
II P(S)ll G M + v&I/ P(SIll). 
Let y be the maximum solution of (3.8). By hypothesis, 
y(a) = lim y(s) 
5 + (I 
is finite for UE (0, l] and by the comparison theorem [S], 
p(a) = lim p(s) 
s-0 
is also finite for a E (0, 11. Thus L + N is a homeomorphism from D onto 
X [7], and the theorem is proved. 1 
Theorem 1 also holds when the periodic boundary conditions are 
replaced with Dirichlet or von Neumann boundary conditions. 
4. A CONSEQUENCE OF THEOREM 1 
Lazer [6] has shown that (1.1) has at most one solution using the so- 
called condition (L), namely that there exist constant symmetric matrices 
A, B E R” xn such that 
Ad (Vu E R”), 
and if A, , . . . . A,, and p, , . . . . p, are the eigenvalues of A and of B, respec- 
tively, then there exist integers Nk (k = 1, . . . . n) such that 
N:<i&pk<(Nk+ 1)‘. 
Brown and Lin [3, Theorem 4.21 have used a global inverse function 
theorem to prove the existence of a unique 2x periodic solution of (1.1) 
assuming Condition (L). However, the theorem of Brown and Lin is a 
consequence of Theorem 1. 
THEOREM 4.1. Suppose that G : R” + R has continuous second partial 
derivative and that Condition (L) holds. Then for any constant yl, the 
maximum solution y of (3.8) has the finite limit 
lim y(s) = y(a) (UE (0, 11). s-a 
ProoJ Let 
KS)= maxi(lyjy,{rk(U)-N:, W,+ ~)‘-Y~(u)))~‘). II4 GS . . 
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Then 
6(s)< max{ min {(&-IV:, (N,+ l)2-~k)~1)} 
I/ulI <s I <k<n 
=(l~~~n{~k-,y:, (Nk+ l)*-pk})-’ 
. . 
= constant. 
Therefore by (3.8) one has 
Put t = y(r). Then 
s 
AT) dr 
-= 
y(O) s(t) i12 
and y(u) = lim, _ a y(s) must be finite. The result which it is required to 
prove then follows from Theorem 3.1. 1 
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